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We consider the rotating non-extremal black hole of N=2 D=4 STU supergravity 
carrying three magnetic charges and one electric charge. We show that its subtracted 
geometry is obtained by applying a specific SO (4,4) Harrison transformation on the 
black hole. As previously noted, the resulting subtracted geometry is a solution of the 
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1 Introduction 

Over the years there has been slow but steady progress in our understanding of relations 
between black holes and two dimensional conformal field theories. Several universal proper- 
ties of black holes have been found to be related to universal properties of 2d CFTs. String 
theory has provided significant insights in this quest. Arguably, one of the most spectacular 
successes of string theory is the Sen-Strominger-Vafa counting of the microscopic configura- 
tions, and thereby providing a statistical mechanical explanation of the entropy of certain 
super symmetric and near-supersymmetric black holes [1, 2]. Since then, many different 
types of black holes have been studied and the agreement between the Bekenstein-Hawking 
entropy and the statistical mechanical entropy has been shown to hold in a variety of cases. 

These achievements, very impressive as they are, need to be contrasted with the chal- 
lenge of microscopically understanding general non-extremal black holes. The methods 
advocated in [1, 2] cannot be directly applied to such general settings. More recently, 
considerable progress has been made in addressing general extremal black holes. These 
developments go under the name of the Kerr/CFT correspondence [3]; see [4] for a concise 
review and see [5] for a more comprehensive review^. Once again, these developments rely 
on certain specific structure of extremal black holes, and cannot be directly generalized 
to non-extremal settings. In the case of the Kerr/CFT, existence of the decoupled near- 
horizon geometry is crucial. In settings far away from extremality one cannot decouple the 
near-horizon region from the asymptotic region. As a result, it remains unclear how the 
considerations of Kerr/CFT are useful for describing general non-extremal settings. 

It comes as a surprise that even for black holes far away from extremality certain 
tantalizing clues have been found for the presence of a conformal symmetry. It was observed 
in [6] that in certain low-energy near-horizon regimes the dynamics of a probe scalar field 
enjoys a local hidden non-geometric SL(2, M) x SL(2, M) symmetry. The precise meaning 
of this symmetry is a topic of future research, but the picture put forward in [6] shows 
remarkable coherence. These hidden symmetries only appear in a region close enough to the 



'^In these reviews further references on these and related developments can also be found. 
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horizon. It has been suggested [7, 8, 9, 10] that one can consistently deform the geometry 
of an asymptotically flat black hole so that these hidden symmetries appear manifestly 
in the deformed geometries. These geometries are dubbed "subtracted geometries." The 
subtracted geometries are not asymptotically flat. They are supported by additional matter 
fields. In this work we explore these geometries and their relation to the original black holes. 

The main aim of this paper is to establish that subtracted geometries can be obtained 
from the original black hole by applying solution generating transformations. For concrete- 
ness we consider the case of four-charge rotating non-extremal four-dimensional asymptoti- 
cally flat black holes of N=2 STU supergravity. Moreover we restrict ourselves to the black 
hole carrying three magnetic and one electric charge. This is just a choice; we expect our 
considerations to straightforwardly apply to other combinations of in total four electric and 
magnetic charges. 

The motivation for looking at the 4d solution carrying three magnetic charges (and one 
electric charge) is manifold. Not only we can perform a study of its subtracted geometry, 
but also we can use it to perform various other studies; most notably in relation to a 
string theory realization of the Kerr/CFT correspondence and black rings. It was shown in 
[11] that the spinning magnetic one-brane of five-dimensional minimal supergravity admits 
a near-horizon limit that smoothly interpolates between a self-dual super symmetric null 
orbifold of AdSa x S^ and the near-horizon limit of the extremal Kerr black hole times a 
circle. It is of interest to generalize this observation to a multicharge configuration. We 
present such a generalization in appendix D. 

As for the construction of the rotating four-charge black hole carrying three magnetic 
and one electric charge, there are several ways in which one can approach this problem. 
The first, and perhaps also the most direct, approach that comes to mind is to use boosts 
and string dualities. One quickly realizes that to add three independent magnetic charges 
the number of boosts and dualities steps required is in fact quite large (approximately 20) . 
To perform all these steps coherently is a computational challenge^. 

There are other somewhat less computationally intensive possibilities. For example, 
a second possibility is to perform an electro-magnetic duality in four-dimensional N=2 
STU supergravity and convert the two-electric two-magnetic rotating solution as presented 
in [13] to three-magnetic and one-electric one. Finally, a third possibility is to use the 
powerful machinery of three-dimensional hidden symmetries of the STU model to generate 



^A construction along these lines of the spinning magnetic one-brane in five-dimensional 11(1)"^ super- 
gravity with three independent M5 charges was attempted in [12]. However, the author did not completely 
succeed in achieving this goal. The expressions presented in [12] do not solve the supergravity equations. 
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this solution. It is the third path that was used to construct the solution carrying two 
electric and two magnetic charges [13]. In our opinion the second and the third routes are 
of almost equal computational complexity. Since the approach of three-dimensional hidden 
symmetries also allows us to relate to its subtracted geometry rather directly, we follow the 
third route in this paper. 

For the ease of readability of the paper almost all technicalities related to the construc- 
tion of the solution are presented in appendices. Appendix A presents the set-ups we work 
with in considerable detail. Here we also present an implementation of the SO(4,4) nonlinear 
sigma model. The group SO (4,4) is relevant because it is the group of hidden symmetries 
of the N=2 STU supergravity when the theory is dimensionally reduced on a Killing vector. 
The rest of the paper is organized as follows. We first construct the spinning M5-M5-M5 so- 
lution in section 2. We present it as a configuration in five-dimensional U(l)^ supergravity. 
Then we show how to add the fourth charge. In section 3 we obtain its subtracted geometry 
by applying a series of solution generating transformations. Three-dimensional sigma model 
fields for the M5-M5-M5 solution are presented in appendix B. Three dimensional fields for 
the subtracted geometry are presented in appendix C. We conclude in section 4. 

2 Four- Charge Black Hole 

Although four charge black holes of ungauged four dimensional supergravity theories are 
well studied in the literature [14, 13, 15, 9], to the best of our knowledge expressions for 
all fields when the black hole carries three independent magnetic charges have not been 
explicitly presented anywhere. We fill this gap in this section. For many purposes, e.g., 
in relation to black rings, or in relation to (0,4) MSW/D1-D5-KKM CFT [16], such a 
presentation is useful. 

2.1 M5-M5-M5 

We consider the M-theory frame and describe the configuration as a solution of five- 
dimensional 11(1)"^ supergravity. Upon reducing over the string direction we obtain a ro- 
tating 4d black hole carrying three independent magnetic charges. For various reasons we 
prefer to present the 5d lift of the 4d solution. 
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The Theory 

We follow the conventions in which the U(l)'^ supergravity Lagrangian takes the a manifestly 
triality-invariant form 

£5 = ^5 *5 1 - \Gij *5 dh^ A dh-^ - ^Gij *5 i"[2] A F[^] + ^CukF^^^ a F[^] a Aff] . (2.1) 

The symbol Cijk is pairwise symmetric in its indices with C123 = 1 and is zero otherwise. 
The metric Gjj on the scalar moduli space is diagonal with entries Gn = {h )~'^, where 
these scalars satisfy the constraint h^h?h^ = 1. This constraint must be solved before 
computing variations of the action to obtain EOMs for various fields. 

We construct the M5-M5-M5 solution using the familiar coset model solution generating 
techniques. We reduce the theory (2.1) on commuting Killing vectors to three dimensions. 
We do this reduction first over a spacelike Killing vector and then over a timelike Killing 
vector. The theory reduces to 3d gravity coupled to SO(4,4)/(SO(2,2)xSO(2,2)) non-linear 
sigma model. Acting with an appropriate group elements of SO (4,4) on the Kerr string 
we get the non-extremal spinning magnetic one-brane of U(l)^ supergravity. Details on 
the set-up and the explicit form of the group element can be found in appendix A. For 
five-dimensional minimal supergravity such constructions have been extensively discussed 
in our previous work [17, 18, 19, 20, 21, 11]. 

The Solution 

Let sj = sinha/ and c/ = cosh a/ with / = 1,2,3, then the spinning magnetic one-brane 
with three-independent M5-charges is given as 

dsl = f\dz + Alf + /-i(-e2^(dt + u^f + e-^^'dsliB)), (2.2) 

where 

dsl{B) = ^dr^ + A2de^ + A sin^ Odcp'^, (2.3) 

is the three-dimensional base metric obtained by reducing the Kerr string on d^ first and 
then over dt, and 

A = r^-lmr + a^, A2 = A - a^ sin^ 6 (2.4) 

f = 4e(filfi203)-^/^ e'^ = ^ (2.5) 

2amr sin 9 
1^3 = C1C2C3 #, (2.6) 
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are the metric functions appearing in the hne element. The rest of the metric functions 
take the form 

+4m^r^ [sjsl + slsl + slsl) + W(2mr - a^ cos^ ^) ( 11 «/ J ' (2-7) 

Vii = 2{a^cos^e + {r + 2msl){r + 2msl)), (2.8) 

and cychc permutations. Furthermore we have 

in n, , N amir — 2m) ^ 
A\ = C^{dt + ws) + 2siS2S3 ^— sin^ ed(j), (2.9) 

with 

C° = 4ciC2C3SlS2S3 . (2.10) 

The Maxwell potentials A^'s of the five-dimensional theory take the form 

A^ = x^{dz + Al) + Q\dt + W3) + 2msici—- cos edcf) (2.11) 

with 

1 ^ am cos 9 /oir,\ 

X^ = 4ciS2S3— , (2.12) 

ill 

C' = -2siC2C3(r2 + a2cos2 + 2rms?))^^^^, (2.13) 

and obvious cyclic permutations. Finally, the three scalars in the U(l)^ theory take the 
form 

h^ = {nin2^3)^^'^^J^- (2.14) 

The solution is sufficiently complicated, and it is non-trivial to check that all supergravity 
equations are solved. We have checked that they are solved ^. 

Setting any two of the three charges to zero, while keeping the angular momentum 
non-zero, the resulting solution can be compared to reference [22]. In this special case the 
solution also admits a lift to vacuum gravity in six dimensions. By setting the three charges 
equal the solution can be compared with [17]. Certain physical properties of the solution 
and its near horizon geometry in the extremal limit are studied in appendix D. 



Our e conventions are £rx^zt = +\''—detg, with x = cos9. 
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2.2 Adding the Fourth Charge 

By boosting the string configuration (2.2) in (t, z), and then dimensional reducing over the 
z direction we obtain a four-charge four-dimensional black hole. The 4d black hole carries 
three-magnetic charges and one-electric charge. From the hidden symmetries point of view 
this procedure is equivalent to performing 

Li 

-^3-chargc " ^ -^4-chargc = 5^4 " -^3-chargc ' 54, (2-15) 

with 

gi = exp [-ao{Eg,, + FgJ] . (2.16) 

Here A^s-chargc denotes the SO(4,4) coset matrix for the above three-charge configuration^. 
The explicit expressions for the resulting fields are fairly complicated. For the case of 
two-electric and two-magnetic charges these expression are presented in full detail in [13]. 
Fortunately, we will not need the explicit expressions in what follows. 

3 Subtracted Geometry From Harrison Transformations 

To obtain the subtracted geometry of the above described four-charge black hole we act 
on it with a series of solution generating transformations. These transformations perform 
the required Harrison boosts that give the subtracted geometry. The precise sequence of 
transformations is somewhat involved. We perform them in a certain specific order explained 
below to maintain the complexity of intermediate expressions under control. 

This investigation was systematically initiated in [7, 10]. In [10] it was suggested that 
the subtracted geometry of the four-charge black hole can be obtained by certain Harrison 
boosts. The subtracted geometries of the Schwarzschild and Kerr solutions were obtained 
in Einstein-Maxwell-Dilaton theories by applying certain infinite Harrison boosts. The key 
technical observation we take from that work is their equation (33), i.e., that the Harrison 
boosts used are of the lower triangular form. From the point of view of the SO (4,4) Lie 
algebra this suggests that the specific Harrison transformation that leads to the subtracted 
geometry of the four-charge black hole belongs to 'lowering' generators, more precisely to 
generators corresponding to negative root vectors. This is indeed the case, as we explain 
next. 



"^The notation g' denotes a generalized transposition. The transposition is defined on the generators of 
the so(4,4) Lie algebra by jj(x) = — r(x)Vx- £ so(4,4), where t is the involution of the Lie algebra that defines 
the coset. More details can be found in appendix A. 
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3.1 Charging, Harrison Boosts, and Scaling 

The most important transformation on the four-charge black hole to obtain its subtracted 
geometry is of the form 

-A^4-chargc -^ M' = g*jj ■ 7W4-chargc " OH, (3.1) 

with the Harrison transformation gn 

QH = exp[(Fpi + Fp2 + Fp3)]. (3.2) 

Note that despite the fact that the four-charge black hole carries three independent M5 
charges, the Harrison boosts in (3.2) are by the same 'amount' in the p^, p^ and p^ 'direc- 
tions.' In all these three directions the boosts are infinite, in the sense that the lowering 
generators K,i, Fp2 and F^i are exponentiated with unit coefficients, in line with [10]. 
Furthermore, note that we do not apply a Harrison boost in the go 'direction.' This is 
reminiscent of the near-extreme multi-charge black holes in the so-called dilute gas approx- 
imation [23, 24]. 

However, it so happens that performing the transformation (3.2) on the four-charge 
black hole resulting from (2.15)-(2.16) is quite intricate to implement. To bypass this 
purely technical complexity we make the following crucial observation: the generator that 
adds the fourth charge, namely, [Eq^^ + Fq^) commutes with all three generators of the 
Harisson boosts we want to perform F„i , Fp2 and FpS . As a result the transformation 

M' = g\j ■ A^4-charge • 5h (3.3) 

= 9h ■ dl- -A/^3-chargc ' Qi' QH (3.4) 

is the same as doing 

M' = g{-g^^- A^3-charge • gu ' 54, (3.5) 

where we have commuted g^ past gn- Physically there is absolutely no difference between 
(3.4) and (3.5), but computationally performing (3.5) is significantly simpler (at least in 
the way we have organized our computer implementation of the SO(4,4) coset model). 

This is not the end of the story. One also needs to perform a further scaling trans- 
formation to get the subtracted geometry in precisely the form given in [10]. This last 
transformation is as follows 

-A/^ subtracted = 9^3 ' ■^' ' 9S, 93 = exp[-CoHo + CiHi + C2H2 + C3H3], (3.6) 
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where co,ci,C2,C3 are given below. Having done all these solution generating transfor- 
mations we need to change variables along the line as suggested in [10] and choose the 
parameters co,ci,C2,C3 in (3.6) in a specific way. The choice 
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leads to the subtracted geometry of the four-charge black hole^ as presented in [10]. The 
three parameters ^1,^2,(^3 introduced by the redefinitions (3.7)-(3.10) are redundant from 
the point of view of the final spacetime configuration. This happens in the following way. 
These constants do appear in the sigma model fields, but as 'axionic shifts' of the dual 
potentials Ci)C2,C3 defined via equation (A. 23). These constants also appear in the sigma 
model field a but in a very special way so that duj^ defined via equation (A. 24) does not 
depend on them. The final three dimensional sigma model fields are all given in appendix 
C. When the spacetime configuration is constructed by dualizing these fields, parameters 
di,d2, and ^3 completely disappear. We find these cancellations truly remarkable. As a 
consequence of these cancellations we find the geometry precisely as presented in [10]. We 
discuss this geometry further in the next section. It is a solution of the N=2 D=4 S=T=U 
supergravity. Perhaps a more general notion of subtracted geometry is possible that is not 
contained in the S=T=U truncation. Such a geometry would perhaps be a more natural 
candidate for a CFT dual that describes black holes with all different electric and magnetic 
charges. This issue needs further investigation. 

We summarize. To obtain subtracted geometry of the four-charge black hole as pre- 
sented in [10] we perform the following transformation on the 3-charge black hole 



J J 



-A^subtracted = 9s' 3i' 9h ' -^3-charge ' 9H ' 94' 93- 



(3.11) 



For convenience and completeness all the resulting three-dimensional fields are listed in 
appendix C. In the the next section we present the final geometry in the four-dimensional 
language and compare it with the analysis of Cvetic and Gibbons. 



^The explicit product expressions [9, 10] Tic = n/=o ^'^^'^'-'^^' ^s = ri/=o ^^'^^ '^^ ' ^^^ ^^^ needed in our 
computations, because the final geometry is parameterized solely in terms of Tic and Tls- See also footnote 
3 of [10]. 
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3.2 Resulting Geometry 

The resulting geometry in the four-dimensional language is most conveniently expressed as 

dsj = -e^^{dt + u^f + e-^^dsl{B), (3.12) 

where 

dsl{B) = ^dr"^ + Asd^^ + A sin^ Odcj)'^, (3.13) 

is the three-dimensional base metric obtained by reducing the Kerr black hole over dt, and 

A = r^ - 2mr -F a^, A2 = A - a^ sin^ 6^. (3.14) 

Rewriting the four-dimensional metric in the form as in [9, 10] we get 

dsl = - (^Z2^) ^2{dt + uj-if + e-2^A2 (^ + ^^' + X" ^'""^ ^^'^') • (^-^^^ 

The square of the factor e~ /S.2 is called the subtracted conformal factor in [9, 10]. From 
appendix C we read the value of e~ /S.2 to be 

-2(7, 



e~^^A2 = 2m\/A^, (3.16) 

with 

A, = 2mr{Iil - li]) + ^.m^Yil - a^ cos^ e{IVc - ^sf ■ (3.17) 

Our Am? Kg precisely corresponds to the subtracted conformal factor used in [9, 10]. One 
form a;3 takes the form 

2ma{r(Iic - HJ + 2wlis) sin^ 6* , , , , 

0^3 = ^2^2 2n n #• (3-18 

r^ -|- a^ cos^ y — Imr 
For the four-dimensional axion and dilaton fields we find 

1 9 o afllc — nc)cos0 

x'=x' = x' = ^^-:^ , (3.19) 



and 



yi = y2 = ys = -rr^^ (3-20) 

Zm 



which again precisely match with the expressions reported in [10], once we make a transla- 
tion of conventions. Finally, the four dimensional vector fields take the form 



Aarn^ sin^ 9{Uc - Us) , a^ cos^ 9{Uc - n^)^ + Arn^njls 

'"I = S "* + M^ni)A. 



ij'i, = ^'^••" ""^ J^"'^ — =^# + " "'"^^ "^;^: ^••" "'^"" dt, (3.21) 

and 



4] = 4] = 4]' (3.22) 
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_acosg(2mn^+r(n.-n.)^^_ (3.23) 

As far as the expressions for the vector fields can be compared with the corresponding 
expressions in [10], they perfectly match. Since our vector field Ah-, is magnetically sourced, 
whereas in [10] the corresponding vector is electrically sourced a direct comparison is not 
possible. We have explicitly checked that our subtracted solution solves all supergravity 
equations. Furthermore, since the dilatons are all obtained to be equal and so are the axions 
and the three vectors Ah-, = A?-^-, = A?^-, , the resulting solution is in fact a solution of the 
N=2 S=T=U supergravity. This fact has been previously noted as well [9, 10]. 

4 Conclusions 

The key result of this paper is to show that the multicharge subtracted geometry can be 
obtained via a series of solution generating transformations on the original black hole field 
configuration. There are number of ways in which our study can be extended. In this work 
we have concentrated on a four-charge four-dimensional black hole carrying three magnetic 
charges and one electric charge. It is fairly clear from our work how to implement the 
same procedure for the black hole carrying two electric and two magnetic charges. It can 
be a useful exercise to fill in all details. In this regard understanding the precise meaning 
of equations (3.7)-(3.10) is an important future direction. In the same line of thought, it 
is interesting to explore a similar series of transformations for the non-extremal rotating 
three-charge five-dimensional asymptotically fiat black holes. 

As explained in the previous work of Cvetic and Larsen [8, 9] and Cvetic and Gibbons 
[10], expressions for the entropy and thermodynamic properties of the black hole are pre- 
served by the transformations leading to subtracted geometries. It is hoped that the dual 
CFT description of the black hole is also somehow preserved. With these motivations it is 
of interest to further study these geometries and in particular to explore the existence of 
asymptotic Virasoro algebras in the subtracted geometries. It will then be of interest to 
know how the asymptotic Virasoro symmetries get transformed under the inverse solution 
generating transformations. Such a line of investigation can teach us some general and im- 
portant lessons about non-extremal rotating black holes in string theory and their relation 
to two-dimensional conformal field theories. We hope to report on some of these issues in 
our future work. 
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A The Set-Up 

In this section we present the set-ups we work with. We also present certain details on the 
implementation of the SO(4,4) coset model. 

A.l A Chain of Dimensional Reductions 

Various relations through dimensional reduction, truncations, and oxidations are presented. 
All results of this section are already well known in the literature. For this reason we shall 
be brief. The main purpose of this section is to set the notation and conventions for the 
main text of the paper. 

Truncation of IIB Theory on T^ 



A well known consistent truncation of the IIB theory on a four-torus is as follows 

71' "['1 



d4o,stnng = dsl + eV2dsl ^10 = ^=, Cg]^ = q2], (A.l) 



where ds| denotes the metric on the four-torus and CSi is the Ramond-Ramond two- 
form of the IIB theory. The rest of the IIB fields are set to zero. The two-form Cpi is 
the descendant from the IIB Ramond-Ramond CSi to six-dimensions. The resulting six- 
dimensional theory contains a graviton, an antisymmetric tensor and a dilaton. The bosonic 
part of the Lagrangian is [25] 

CeB = i?6 *6 1 - 2 *6 c?$ A d$ - -e^* *6 i^[3] A F[3] , (A.2) 

with the three- form field strength K31 = dCn] ■ Upon further dimensional reduction on a two- 
torus the six-dimensional theory (A.2) reduces to the N=2 STU model in four-dimensions. 
We present certain details of this construction in the following. 
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Five-dimensional U(l)'^ super gravity 

M-theory on six-torus admits a truncation to five-dimensional U(l)^ supergravity. For 
relevant details see e.g. [26]. It can also be obtained by circle reduction of the Lagrangian 
(A. 2). We follow this route here. Using the standard Kaluza-Klein ansatz for the six- 
dimensional fields [27] 



dsl = e~y^'^{dzQ + Ahf + e^^dsl (A.3) 



^[3] = Flf+dAl.^{dz + A\{) (A.4) 



with 

F(f =dCf2^^)-ci4]A4], (A.5) 

we obtain the following five-dimensional Lagrangian 

111 n 



2 *5^[3] A^jgj ^ev *5-r[2] /\-t^[2] 



where FL-, = dAh-. and / = 1,2. Now, in five-dimensions the two-form CL is dual to a 
one- form, which we denote as A^-^y After this dualization we end up with three one- forms 
in five-dimensions. We use the notation AL-., where now the index / runs as / = 1, 2, 3. We 
see the triality structure of the U(l)^ supergravity emerging. The Chern-Simons term of 
the U(l)^ supergravity is also obtained through this dualization. 

To see this, recall that in the process of dualisation, Bianchi identities exchange role 
with the equations of motion. The Bianchi identity for F,„, is 

d^f +Ff2]AFi]=0. (A.7) 

The easiest way to do the dualization is to introduce J^^-, as a Lagrange multiplier for the 
Bianchi identity (A.7). Adding the appropriate Lagrange multiplier term to (A. 6) we get 

4 = £5 + ^fi] A (dFfgf + Fg] A Fi] ) . (A.8) 



As the next step, we treat the field strength FL as a fundamental fields. Varying C'^ with 
respect to F,L we find 



F[| - e-Vi*+v^%5 F^^'i) = 0. (A.9) 

Substituting this back into the Lagrangian (A.8), we get 

£'g = i?5 *5 1 *5 (i$ A (i$ +5 d'l' A d* 

__e V3 ^j-y^j^^ Ai^[2] - 2 *5-f'[2] Ai'p] 



. leVi*"^* ^5 Ff2] A F[|] + 4l ^ ^[2] ^ ^[2]- (A-IO) 
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Lagrangian (A. 10) is equivalent to five-dimensional U(l)^ supergravity with the param- 
eterization of the real special manifold as 

/ii=eV3^, h^ = e V6^ V2*^ h^ = e Ve^+Va*. (A.ll) 

Clearly h^h?h^ = \. A manifestly triality-invariant form now be written as (we drop the 
prime on £5 from now on) 

£5 = ^5 *5 1 - \Gij *5 dh' A dh^ - ]pij *5 F'2] A F[^] + \cijkFI^^ a F(^^ a Afy (A.12) 

The symbol Cijk is pairwise symmetric in its indices with C123 = 1 and is zero otherwise. 
The metric Gjj on the scalar moduli space is diagonal with entries Gn = (/i )~^. 

For completeness, let us also write the six-dimensional field strength ^[31 in terms of 
the five-dimensional fields introduced above. We obtain 

^[3] = -{h^Y^ *5 dA\^^ + dAl^ A [dzQ + ^fi]). (A.13) 

Together with (A. 3), equation (A.13) allows us to uplift any solution of five-dimensional 
U(l)^ supergravity to the IIB theory. Examining the RR 3-form (A.13) reveals that the 
electric charge that couples to the two- form Fr|i arises from D5-branes wrapped on T^: 
(^6, 2^7, -zsi -29, -Zio)- Similarly, the electric charge that couples to the two-form F'L arises 
from Dl-branes wrapped along the zg-circle. The appearance of A\-, in the metric reveals 
that electric charge that couples to Fh^ arises from momentum (P) around the zg-circle. 
The interpretation of magnetic couplings is readily obtained. The M-theory interpretation 
of these couplings is reviewed at several places. See e.g. [26]. 

Four-dimensional STU Model 

Further dimensional reduction of the five-dimensional U(l)^ supergravity to four dimensions 
gives the so-called STU model. The STU model is a particular N=2 supergravity in four 
dimensions coupled to three vector multiplets. 

To fix our notation we quickly review here the N=2 supergravity action. Four-dimensional 
N=2 supergravity coupled to n„ vector-multiplets is governed by a prepotential function 
F depending on (n^, + 1) complex scalars X (A = 0, 1, ... , n„). The bosonic degrees of 
freedom are the metric g^u, the complex scalars X and a set of {n^ + 1) one-forms Av"^-.. 
The bosonic part of the action is given as [28] 

£4 = ^ *4 1 - '2gij M dX^ A dX-^ + -F[^] A G'a[2] , (A.14) 



Subtracted Geometry From Harrison Transformations 15 

where F/^-, = dA^y The ranges of the indices are I, J = 1, • • • , n^, and gjj = djdjK is the 
Kahler metric with the Kahler potential K = — log [— i(X Fa — -Fa-^ )] • The two-forms 
G'a[2] are defined as 

Gap] = (Re7V)AEi^| + (ImiV)AE M i^| , (A. 15) 

where the complex symmetric matrix A^as is constructed from the prepotential F{X) as 

, ^. (ImF-X)A(ImF-X)s ,, ^„, 

iVAE = Fae + 2z ^.i^^.;, , (A.16) 

with F\ = d\F and Fas = d\dj]F. For the system we are interested in n„ = 3 and the 
prepotential is 

vl v2 v'-i 

F{X) = -^^. (A.17) 

Let us now make contact of this Lagrangian with the circle reduction of the five- 
dimensional U(l)^ supergravity. We parametrize our five-dimensional space-time as 

dsi = /2(dz + i0,j)2 + /-icisi (A.18) 

and the vectors as 

4]=x'(^^ + 4]) + 4]. (A.19) 

Together the graviphoton A?,, and the vectors M,^ form a symplectic vector A|\, with 
A = 0, 1, 2, 3 in four dimensions. 

Upon circle reduction of the above 5d theory we obtain (with F-^i = c?^mi) 

1 3 f^ 

U = RmI- -Gij M dh^ Adh^ -—^MdfAdf-^ M i^g] ^ ^[2] 

-JpGiJ M dx' A dx' - ^Gij M (F[i] + x'F^2]) A {F^^ + x' F^2]) (A.20) 

+ \CIJKX'%] A Fg + \CuKx'x'F^2] A F^2] + IClJKx'x'x'^Ff^] A Fg] • 

The scalars x^ ^ind h^ combine to form the complex scalars z^ = X^ /X^ in the STU theory 
according to z = —x+ifh- Using the gauge fixing condition X^ = 1 and the replacement 
X —7- z the action (A. 14) for the prepotential (A.17) can be shown to be exactly equivalent 
to the action (A.20). In order to perform the above computation we found appendix A of 
reference [29] useful. 

A.2 SO(4,4)/(SO(2,2) x SO(2,2)) Coset Model in 3d 

In this section we discuss how to obtain the SO(4,4)/(SO(2,2) x SO(2,2)) coset model in 
three-dimensions by performing further dimensional reduction over time direction of the 
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STU action (A. 20). We parametrize our four-dimensional space-time as 

dsl = -e^^{dt + W3)2 + e-2^dsi, (A.21) 

and the four-dimensional vectors as 

ifi] = C^((it + ^3) + ^^, (A.22) 

where ws and A^ are one-forms in three-dimensions. 

Following [30, 31] we dualize the three dimensional vectors as 

- da = e2^(Im7V)AE *3 {dA^^ + (fduj^) + {ReN)f,j,d(^ (A.23) 

where Ca are pseudo-scalars. Similarly we define the pseudo-scalar a dual to ws as 

-da = 2e^^ *3 duj-^ - C^^Ca + C^^Ca- (A. 24) 

The full set of three-dimensional scalar fields are now ip"" = {[/, z^,z^,C , (^AjCt}. The 
resulting three-dimensional Lagrangian takes the form 

£3 = i? *3 1 - \Gahd^''dp\ (A.25) 

where the target space Lorentzian manifold parametrized by scalars (/?" is of signature (8, 8). 
It is an analytic continuation of the c-map of Ferrara and Sabharwal [32]. The metric in 
our conventions is^ 

Gahd^'^dip^ = MU^ + Agjjdz^dz^ + ^e~^^ (da + UdC^ - C^dU) ^ (A.26) 

+e-2^ [(ImN)A^dC^dC^ + {{ImNrY^ (^dU + (ReiV)AHdC") (^Cs + {ReN)^sdC^ 

This symmetric space can be parametrized in the Iwasawa gauge by the coset element [31] 

V = e-*^^" • ( n e-^(i°s^')^^ . e-^'^O • e'^^^'A-aV . e"^-^", (A.27) 

\/=l,2,3 / 

where we use the notation z^ = x^ + iy^ (so, y^ = fh^, x^ = —x^)- The Iwasawa parame- 
terization only covers an open subset of the full manifold. This is because the target space 
is not precisely the c-map but an analytic continuation of it. The metric (A.26) is obtained 
from the Maurer-Cartan one-form 9 = dV • V~^, 

Gabd^^d^^ = Tr(P, P,) , P, = 1(0 + 7?' V"') , V = diag(-l, -1, 1, 1, -1, -1, 1, 1), 

(A.28) 

where rj' is the quadratic form preserved by SO(2,2)xSO(2,2). The matrix M is defined as 

M = {y^)V, with 9^ = rj'9'^rj'~ for all 9 G so(4, 4). For convenience we explicitly list the 

matrix representation of SO(4,4) in appendix A. 3. 

^Our conventions are identical to that of [31]. There is a minor typo of a factor of 1/2 in equation (4.4) 
of [31]. 
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A. 3 Matrix representation of so(4,4) Lie algebra 

An explicit realization of the generators of 50(4,4) is as follows. Calling Eij the 8x8 
matrix with 1 in the i-th row and j-th column and elsewhere, the 50(4,4) generators in 
the fundamental representation are given by 

Hq = E33 + £^44 — £'77 — Ess Hi = £33 — £44 — £77 + Ess 

H2 = Ell + E22 — £55 - Eqq H3 = Ell - E22 — E^5 + -5-66 (A. 29) 

Eq = £47 — E3S El = Es7 — -E34 

E2 = E25 — EiQ E3 = Eq5 — E12 (A. 30) 

Fq = £74 — Ess El = Ejs — £43 

E2 = £52 — Eqi F3 = £56 — E21 (A. 31) 

Eq^-^ = -E41 — £58 Eq^ = E^j — E31 

Eq^ = £46 — £28 Eq.^ = Ea2 — Eqs (A. 32) 

Eqf, = Ei4 — Es5 Fq-^ = £75 - £13 

Eq2 = -5-64 — Es2 Eq.j = E24 — -^86 (A. 33) 

EpO = En — £35 Epi = Eis — £45 

Ep-2 = Eqj — E32 EpS = E27 — E'SQ (A. 34) 

Fpt) = Eji — £53 Fpi = Esi — -E54 

Fp2 = EiQ — E23 Fp3 = Ej2 — Eq3. (A. 35) 

This basis of representation is identical to the one given in [31]. For more details we refer 
the reader to this reference. Other implementations of the SO (4,4) coset model can be 
found in [13, 33, 34]. 

A. 4 Group element for the M5-M5-M5 black hole 

On the Kerr matrix Mkctt we act with the group element 

g = exp [ai{Epi + Fpi)] • exp [Q2(-£p2 + £^2)] • exp [03 (£^3 + Fps)] , (A. 36) 

as 

MKevv -^ -A^3-charge = 5^ " -^Kcrr " 9- (A.37) 

Reading off the new scalars from the new matrix A^3_chargc and performing the inverse 
dualization through (A.23)-(A.24) we obtain the spinning magentic one-brane of five- 
dimensional U(l)^ supergravity as presented in section 2. 
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B Three Dimensional Fields: 4d Asymptotically Flat 

We list all the resulting three-dimensional fields obtained after the action of the group 
element (A. 36) on the coset matrix Mkctt'- 

am cos 9 , 

Xi = -4ciS2S3 — , (B.l 

am cos 9 .^ ^ 

X2 = -4C2S3S1 — t; , (B.2 

ii2 

am. cos 9 
X3 = -4C3S1S2 — , (B.3 

"3 



2 2 2 

yi = TT^^ 2/2 = ttVIi 2/3 = ttVI^ (B.4 

Six ^^2 ^^3 



a^m^ cos^ 9 

C = 4C1C2C3S1S2S3 T , (B.5 

^1 „ / 9 9 9^ „ n, am. cos 9 ,„ ^ 

C^ = -2siC2C3(r2+a2cos2 6i + 2mrsf) , (B.6 

c 

^9 .999^ r,. am COS 9 ,^ „ 

^2 = -2s2C3Ci(r2 + a^cos^(9 + 2mrs^) , (B.7 

^q ,999^ 9, am COS ,^ 

C = -2s3CiC2(r2 + a^cos^(9 + 2mrs§) , (B.8 



A2 

(q = 2m.acos9siS2S3——, (B.9 

Ci = ^^^^y^ (4ma2 cos^ ^s^s^ - rJ^i) , (B.IO 

C2 = !^(4ma2cos2 052^i-rO2), (B.ll 

Cs = !^ (4ma2 cos^ ^s?si - r03) , (B.12 



and finally 



e^^ = ^, (B.13 

r^ +a2 005^6' + ?nr(s? + S9 + So) ,ti -, , 

Cr = — 4?7T,aCOS t/ClC2C3 = , (B.14 

? 

where rii,f]2, and Q3 are defined in (2.8) and A2 and (, are defined respectively in (2.4 
and (2.7). Finally, ci = coshai, C2 = cosh 02, C3 = cosh 03 and si = sinhai, S2 = sinhQ2 
S3 = sinha3. 
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C Three Dimensional Fields: 4d Subtracted Geometry 

Here we list all the resulting three-dimensional fields obtained after the action of the group 

element (3.11) with the choices (3.7)~(3.10) on the coset matrix TWs-charge (here x = cosO): 

ax{Uc-Us) 
Xi = X2=X3 = ^^ . (C.l) 

(C.2) 

yi = y2 = ys = -;ti— > (C-3) 

(C.4) 

C = C = C = _niz:zii^_^iif_^:i£i, (C.5) 



Defining 



we have 



2m 



A^ = 2mr{Ui - H^) + 4m^nf - a^x''{Uc - U 



'A. 






2m 



_ 4m"n,n, + a'x'jU, - H,)^ 

A,(n2-n2) 

.1 _ /-2 _ >3 _ ax{2mlls + r(Ilc - Ug)) 



A., 



ax 



Co = —=^ ((He - Usf{U, + n,)(r2 + a^x^) - 2mr{Ui - 2U,Ul + H^) - 4m^U,U^^ , 



e / c' # c^ 



(C.6) 
(C.7) 



C^ 



2mr{ul - n2)(i + n2 - 3n2) + 4m2n2(n2 - n2 - 1) 

di -1 



2A,(n2-n2) 

+ {Uc - Usf{2r\U, + n,)2 + a^x\l + {U, + n,)^)) 

1 

2A,(n2-n2) 

+(n, - Usf{2r\n, + Usf + 0^x^(1 + (He + n,)2)) 



2di(n2-n2) 

2mr{Ul - n2)(l + n2 - 3n2) + im^U^M - U^ - 1] 

d2-l 

2d2(n2-n2) 



(C.8) 



(C.9) 



1 



2mr{Yil - n2)(l + H^ - m^) + Am^Iil{Yil - H^ - 1) 



2A,(n2-n2) 

+(n, - n,)2(2r2(n, + n,)^ + a'x^ii + (n^ + n,)^)) 



d^ - 1 



2d3(n2-n2) 



(C.IO) 



and finally 



ax 



a 



2m(n2 - n2)A, 



2 tt2^ 



{r' + a^x')(ne - n,)^(nc + n,) - mr(n, - n,)(3 + mi - n; 



2 , tt2i 



-2m2n^(3 + n2 + n: 



+ 



{3did2d3 - did2 - did^ - ^2^3) 



ax{2mU,+r(nc-U,)) 



2did2d3 J (n2 - n2)A, 

2f/ r2 + a'^x'^ — 2mr 

2m\/A~, 



(C.ll) 
(C.12) 



Subtracted Geometry From Harrison Transformations 20 

D Magnetic One Brane of U(l)^ Theory 

We provide an analysis of physical properties and near horizon limit of the rotating magnetic 
string (2.2). 

D.l Physical Properties 

From the g'^'^ component of the metric it is seen that the solution has a regular outer horizon 
at r = r_|_ := m-l-^/m? — a^ and an inner horizon at r = r_ := m — ^m? — a?. The extremal 
limit is when the two horizons coincide, i.e., m = a. The ADM stress tensor takes the form 

Tu = ^{2 + si + sl + sl), T,, = -^{l + sl + sl + sl), Tt, = 0, (D.l) 

where Tu and Ttz are respectively the energy and linear momentum density along the 
string. Tzz is the pressure density; the ADM tension is T = —T^z- Physical properties of 
the solution such as mass, inner and outer horizon areas, angular momentum, and angular 
velocities can be straightforwardly calculated. For the asymptotic quantities one finds 

M = 27rRTu = ^^{2 + sj + sl + sl), (D.2) 

2TrRma 
Pz = 2TrRTtz = 0, J0 = — - — C1C2C3, (D.3) 

where z ^ z + 2ttR. For quantities at the outer (r = r+) and inner {r = r^) horizon one 
finds 

^t = ^ ' vt = -^^^^^, A% = 87r'R{rl + a')c^c,cs. (D.4) 

Temperatures of the inner and the outer horizons can be calculated from surface gravities, 

" 47r(r| + a2)ciC2C3 ' 

Magentic charges are defined as Qj^j = -^^ fg2 F = —2mG~^sici. The magnetic potentials 
dual to these charges can be guessed, say using the Smarr relation^ 

3 



M 



^ ^ 7=1 



This guess is then confirmed by explicitly verifying the first law 

3 

T±dAt -i-O+dJj. -^' 
4G 



(IM = -^T+dA+ + n+dJ^ + J2 ^^dQii + 2-KTdR. (D.7) 



7=1 



^A first principle calculation of the magnetic potentials requires appropriately generalizing the formalism 
of [35] (see also [17]) to the U(l)'' theory. Such a generalization is beyond the aspirations of the present 
study. 
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We find $/ = -^. Moreover, the product A+A]^ = A{8Tr^Rfm^a^clcl4 = {SirGJ^f 
takes the expected form [36]. 

Of particular interest is the fact that for the un-boosted solution the linear velocities 
v^ (D-4) are non-zero, while the ADM momentum P^ is zero. Since v^ vanish if either 
a = or any of the ai = 0, this is a cumulative effect of rotation and all three magnetic 
charges. 

D.2 Near Horizon Limit 

The near-horizon limit of the solution in section 2.1 is obtained as follows. First, we write 
the extremal rotating solution (m = a) in comoving coordinates and second we zoom in 
close to the horizon. More precisely, we perform 

r^a + ur, i— )•— , 6^6 + Cld,—, z^z + Vz — , (D.8) 

with 

O 1 S1S2S3 

^<f> = o > Vz = , (D.9) 

2aciC2C3 C1C2C3 

and send /x — )• 0. In this limit asymptotically flat region is dispensed with. The resulting 
configuration is a solution of the U(l)'^ supergravity. The geometry has enhanced isometry 
SL(2,M)xU(l)xU(l), as is familiar from general near-horizon limits [37, 38]. The solution 
reads as 

dr'^ dx^ 



dsnh = r(x) 



2 I o,, ^™^„ „ I „, ^„\„2 



+ 1cp^{x)e^ + 2-f^z{x)e^ ez + Jzz{x)e 



-ihr^dt' + ^ + Y^^ 

A' = fl{x)e^ + fl{x)ez, h' = h\x) (D.IO) 

where e,^ = d(j)+k^rdt, ez = dz+kzrdt. All functions are most easily expressed as (x = cos 6) 

h = ^ > A;, = -^^i£^, T{x) = \{n,n2n,)'l' 

2a^ciC2C3 aciC2C3 2 

IQa'^slslslii - Aa^x^cl44)'^ + 2a^cfcici(l - x^)Oi02^3 
4 = 4..,c,a3l±ii±M)(i±M), n = Axa^^-^, 

h^ = {Qin2n3)^^^nj^ (d.ii) 

The rest of the functions /?, /| and /|, /^ are obtained by obvious cyclic permutations. 
In all expressions in (D.ll) the functions $7/ and ^ are computed at r = a. An alternative 
presentation of these function can also be given as in [11]. Now let us look at various 
interesting limiting cases: 
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1. Upon setting all three M5 charges equal one recovers exactly the expressions previously 
obtained in (11) of [11]. 

2. When M5 charges are set to zero the solution reduces to the NHEK geometry [39] 
times a circle, as expected. 

3. The non-trivial observation of [11] is that in the limit of no rotation, while keep the 
number of M5 branes nj fixed, the solution reduces to a null orbifold of AdSaxS^ 



aoiuLiun leuuces lu a. iiuu uiuiiuiu oi ^a.uo3ac! 
,2 



ds^ = l^ [^- 2rdtdz \ + 11^(1^2, 

A^ = -— x#, z^z + 27tR, ^^ = y, (D.12) 

where the two sphere has radius ls2 = |^p(™i'^2"'3)^ , the AdSs radius is / = 
£p(ni 712/13)^'^, with ip = (AG/tt)^'^. This solution has zero entropy and zero angular 
momentum. 
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